We study the possible structure of the groups of rational points on elliptic curves of the form y 2 = (ax + 1)(bx + 1)(cx + 1), where a, b, c are non-zero rationals such that the product of any two of them is one less than a square.
Introduction
Let E be an elliptic curve over Q. By Mordell-Weil theorem, the group E(Q) of rational points on E is a finitely generated abelian group. Hence, it is the product of the torsion group and r ≥ 0 copies of infinite cyclic group:
By Mazur's theorem, we know that E(Q) tors is one of the following 15 groups: Z/nZ with 1 ≤ n ≤ 10 or n = 12, Z/2Z × Z/2mZ with 1 ≤ m ≤ 4. On the other hand, it is not known which values of rank r are possible. The folklore conjecture is that a rank can be arbitrary large, but it seems to be very hard to find examples with large rank. The current record is an example of elliptic curve over Q with rank ≥ 28, found by Elkies in May 2006 (see [25, 21] ).
In the present paper, we will study a special case of this problem. Namely, we will consider only elliptic curves of the form y 2 = (ax + 1)(bx + 1)(cx + 1), where {a, b, c} is a rational Diophantine triple. Although this is a very special case, it has some relevance for the more general problem of determining which ranks are possible for elliptic curves with prescribed torsion group. In particular, we will show in Section 6 that every elliptic curve over Q with torsion group Z/2Z × Z/8Z is induced by some rational Diophantine triple.
A set {a 1 , a 2 , . . . , a m } of m non-zero integers (rationals) is called a (rational) Diophantine m-tuple if a i · a j + 1 is a perfect square for all 1 ≤ i < j ≤ m. Diophantus of Alexandria found a rational Diophantine quadruple while the first Diophantine quadruple in integers, the set {1, 3, 8, 120}, was found by Fermat (see [11, 12, 27] ). The famous conjecture is that there does not exist a Diophantine quintuple (in non-zero integers) (see e.g. [31, 43] ). In 1969, Baker and Davenport [2] proved that the Fermat's set {1, 3, 8, 120} cannot be extended to a Diophantine quintuple. Recently, it was proved in [20] that there does not exist a Diophantine sextuple and there are only finitely many Diophantine quintuples.
Let {a, b, c} be a (rational) Diophantine triple. We define nonnegative rational numbers r, s, t by
In order to extend this triple to a quadruple, we have to solve the system
It is natural idea to assign to the system (1) the elliptic curve
Properties of elliptic curves obtained in this manner and connections between solutions of the system (1) and the equation (2) were studied in [16, 18, 23] , but this was mainly for the case when a, b, c are positive integers. In this paper, we will assume that a, b, c are non-zero rationals, and we will call {a, b, c} a Diophantine triple (hence, omitting the word rational ). The coordinate transformation x → x abc , y → y abc applied on the curve E leads to the elliptic curve
in the Weierstrass form. There are three rational points on E ′ of order 2:
and also other obvious rational points
It is easy to verify that Q = 2R, where
In general, we may expect that the points P and R will be two independent points of infinite order, and therefore that rank E(Q) ≥ 2. Thus, assuming various standard conjectures, we may expect that the most of elliptic curves induced by Diophantine triples with the above construction will have the Mordell-Weil group
The main purpose of this paper is to study which other groups are possible here. Namely, we will investigate situations in which P or R have finite order, or they are dependent, and in particular we would try to construct curves with more independent points of infinite order.
According to Mazur's theorem, for the torsion group E(Q) tors we have at most four possibilities: Z/2Z × Z/2mZ with m = 1, 2, 3, 4. In [18] , it was shown that if a, b, c are positive integers, then the cases m = 2 and m = 4 are not possible. However, in the present paper we will show that for a, b, c non-zero rationals all four groups are indeed possible.
Let us also note that every Diophantine pair {a, b} can be extended to a Diophantine triple by a very simple extension: c = a + b + 2r. This construction was known already to Euler (and maybe even to Diophantus). The direct computation shows that for triples of the form {a, b, a + b + 2r}, the points P and R are not independent, since 2P = −2R.
Search for elliptic curves with high rank
In last few years, several authors considered the problem of construction of elliptic curves with some prescribed property and relatively high rank. This includes curves with given torsion group (see [17, 36] and the references given there), curves y 2 = x 3 − n 2 x related to congruent numbers [41] , curves of the form y 2 = x 3 + dx [24] , curves x 3 + y 3 = m related to the taxicab problem [26] , curves y 2 = (ax + 1)(bx + 1)(cx + 1)(dx + 1) induced by Diophantine quadruples {a, b, c, d} [15] , etc.
Let G be an admissible torsion group for an elliptic curve over the rationals (according to Mazur's theorem). Let us define
The conjecture is that B(G) is unbounded for all G. In the following table we give the best known lower bounds for B(G). Details on the record curves appearing in the table and full list of the references can be found on the author's web page [17] . Rathbun (2003 Rathbun ( ,2006 We will now briefly describe the main steps in the construction of high rank curves with prescribed properties. These steps have been already applied, with various modifications, in obtaining curves from the above table, and we will also apply them in the following sections.
The first step is to find a parametric family of elliptic curves over Q which contains curves with relatively high rank (i.e. an elliptic curve over the field of rational functions Q(T ) with large generic rank) which satisfy the prescribed property. Here it is not always the best idea to use the family with largest known generic rank, since these families usually contain curves with very large coefficients for which it is very hard to compute the rank.
In the second step we want to find, in the given family of curves, the best candidates for higher rank. The main idea here is that a curve is more likely to have large rank if #E(F p ) is relatively large for many primes p. We will use the following realization od this idea. For a prime p, we put a p = a p (E) = p + 1 − #E(F p ). For a fixed integer N , we define
It is experimentally known (see [38, 39, 19] ) that we may expect that high rank curves have large S(N, E). In [7] , some arguments were given which show that the Birch and Swinnerton-Dyer conjecture gives support to this observation. The sum S(N, E) can be very efficiently computed (e.g. using PARI [3] ) for N < 10000. After this sieving method, we may continue to investigate the best, let us say, 1% of curves. Since, we are working with curves with torsion points of order 2, we may compute the Selmer rank for these curves, which is wellknown upper bound for the actual rank of the curve. This can be done using an appropriate option in Cremona's program mwrank [10] . Only for the curves for which that upper bound is satisfactory large, we try to compute the rank exactly. Again, the best available software for this purpose is mwrank which uses 2-descent (via 2-isogeny if possible) to determine the rank, obtain a set of points which generate E(Q) modulo 2E(Q), and finally saturate to a full Z-basis for E(Q). The program package APECS [9] and a program that implements LLL reduction on the lattice of points of E, provided by Rathbun [40] , is used to reduce the heights of the generators. In the cases when 4-descent is appropriate to perform (for curves with a torsion point of order 4, and with a generator of very large height) we used an implementation of 4-descent in MAGMA [4] .
Torsion group Z/2Z × Z/2Z
In [14] , we have constructed a parametric family of elliptic curve with the torsion group isomorphic to Z/2Z × Z/2Z and the generic rank ≥ 4. The construction started with a Diophantine triple {a, b, c}. We assigned to this triple the elliptic curve E ′ as in (3), and defined d = x(P + Q), e = x(P − Q). If d, e = 0, then {a, b, c, d} and {a, b, c, e} are Diophantine quadruples (see [18] ). If ed + 1 is a perfect square (and in [14] a parametric solution to this equation was found), then we may expect that the elliptic curve y 2 = (bx + 1)(dx + 1)(ex + 1), induced by the Diophantine triple {b, d, e}, has at least four independent points of infinite order, namely, points with x-coordinates 0, a, c and 1/(bde). By a specialization, we found an elliptic curve of rank 7 in that family. Here we will improve that result and construct several elliptic curves of the form (2) which have rank equal to 8 or 9.
The well-known family of Diophantine quadruples
has been studied by several authors. In [13] , it was proved that the fourth element in this quadruple in unique, i.e. if {k − 1, k + 1, 4k, d} is an (integer) Diophantine quadruple, then d = 16k 3 − 4k (see also [28, 6] ). It seems natural to consider the families of elliptic curves induced by (4) . However, in [16] it was shown that the triple {k − 1, k + 1, 4k} induces an elliptic curve over Q(k) with generic rank equal to 1 (this agrees with the fact that {k − 1, k + 1, 4k} is of the form {a, b, a + b + 2r}). Therefore, we will try to obtain curves with the higher rank induced by other subtriples of (4).
We first consider the family of Diophantine triples
Applying the strategy described in Section 2, we find a curve with the rank equal to 9 for k = 3593/2323. 
(Note that the triples of the form {k+1, 4k, 16k 3 −4k} induce the same family, by the correspondence k ↔ −k.) In this case, we find a curve with the rank equal to 9 for k = −2673/491, and several examples with the rank equal to 8 Let us mention that Gibbs discovered 46 examples of rational Diophantine sextuples ( [29, 30] ). By computing the ranks for all curves of the form y 2 = (ax + 1)(bx + 1)(cx + 1), where {a, b, c} is a subtriple of some of the Gibbs's sextuples, we find a curve of rank 8 for the Diophantine triple 494 
35
, 1254396 665 , 11451300 5067001 .
Of course, the curves with rank less than 7 (and greater than 0) are easy to find, and they already appeared in the literature (see [16, 22, 14] ). Therefore, we can summarize the results from this section in the following proposition: Proposition 1. For each 1 ≤ r ≤ 9, there exists a Diophantine triple {a, b, c} such that the elliptic curve y 2 = (ax + 1)(bx + 1)(cx + 1) has the torsion group isomorphic to Z/2Z × Z/2Z and the rank equal to r.
Torsion group Z/2Z × Z/4Z
In this section, we consider elliptic curves with a torsion subgroup isomorphic to Z/2Z × Z/4Z. It follows from the 2-descent proposition (see [33, 4. 
The point [0, 0] is a double point (i.e. point of the form 2S, where S is a rational point on the curve) of order 2. Translating the elliptic curve (3) induced by the Diophantine triple {a, b, c}, we obtain the equation
Therefore, if we can find a, b, c such that ac − ab and bc − ab are perfect squares, then the elliptic curve induced by {a, b, c} will have a torsion subgroup isomorphic to Z/2Z × Z/4Z. A simple way to fulfill these conditions is to choose a and b such that ab = −1. Then ac − ab = ac + 1 = s 2 and bc − ab = bc + 1 = t 2 . It remains to find c such that {a, −1/a, c} is a Diophantine triple. Using the standard extension c = a + b + 2r, we may take c = a − 1 a . However, it is easy to prove, using Shioda's formula ( [42] ), that the family of elliptic curves
obtained with this construction, has the generic rank equal to 0. We may ask what happened with the points P = [0, abc] and Q = [1, rst] . It is easy to see that 2P = Q = T 3 . Hence, in this case P and Q are indeed points of finite order. We are able to find examples with rank equal to 0, 1, 2, 3, 4 is this family, but in order to find curves with higher rank, we will consider some other constructions. We are searching for parametric solutions of the system
Multiplying these two conditions, we obtain
which, for given c, may be regarded as an elliptic curve. We already know one (non-torsion) parametric solution of (8), namely a = T , c = T − 1 T . By duplicating the corresponding point on the elliptic curve (8), we obtain another
, with the same c. By the 2-descent proposition, these values of a and c also satisfy the original system (7). We have again that Q = T 3 , but now the point P has infinite order.
By searching for curves with high rank in this family of elliptic curves, with the methods described in Section 2, we are able to find two curves with rank equal to 5, for T = 12/5 and T = 24/7, corresponding to the Diophantine triples 3398759 864000
,
We will improve this result by considering a different parametric solution of the system (7). Inserting ac + 1 = s 2 into − c a + 1 = t 2 , we obtain
which has the solution of the form
We take α = 2, which gives
.
This yields again the family of elliptic curves with generic rank ≥ 1. We are able to find in this family several examples of curves with rank equal to 7, e.g. Hence, we have proved the following result.
Proposition 2. For each 0 ≤ r ≤ 7, there exists a Diophantine triple {a, b, c} such that the elliptic curve y 2 = (ax + 1)(bx + 1)(cx + 1) has the torsion group isomorphic to Z/2Z × Z/4Z and the rank equal to r.
Torsion group Z/2Z × Z/6Z
General form of curves with the torsion group isomorphic to Z/2Z × Z/6Z is
] is of order 3; see [35] ). Let us force a Diophantine triple equation
to have this form.
Comparison gives
The first two conditions (10) and (11) have parametric solutions
Inserting this into (12), we obtain the equation F (u, v) = z 2 , where
The condition F (u, v) = z 2 is satisfied e.g. for 
Torsion group Z/2Z × Z/8Z
Finally, we consider the largest possible torsion group Z/2Z × Z/8Z. As we have already noted in Section 6, the torsion group of elliptic curves induced by Diophantine triples of the form
contains a subgroup isomorphic to Z/2Z × Z/4Z. In that case, the points of order 4 on
. Hence, our elliptic curve will have the torsion group isomorphic to Z/2Z × Z/8Z if some of the points P, P + T 1 , P + T 2 , P + T 3 is a double point. We will use 2-descent proposition again. Consider the point P + T 2 . It will be a double point iff (b − a)(b − c) and b(b − a) are both perfect squares. These conditions lead to a single condition that a 2 + 1 is a perfect square. Therefore, we have proved that all Diophantine triples of the form
induce elliptic curves with torsion group isomorphic to Z/2Z × Z/8Z. The induced curves have the equation of the form
But, according to [35] , every elliptic curve over Q with torsion group Z/2Z × Z/8Z has an equation of the form (14) . Therefore, every such curve is induced by a Diophantine triple. This fact has been independently proved by Campbell and Goins in [8] . Thus, we are left with the question which ranks are possible for the elliptic curves with torsion group Z/2Z × Z/8Z. It is known that there exist infinitely many such curves with rank ≥ 1 (see [1, 8, 35, 37] ), although no such parametric family (curve over Q(T )) is known. It is easy to find examples with rank equal to 0, 1, 2. The first example with rank equal to 3 was found in 2000, independently, by Connell [9] and the author [17] . It was the curve y 2 + xy = x 3 − 15745932530829089880x + 24028219957095969426339278400, with torsion points:
line.) In this case, we were not able to compute the exact rank using mwrank (we obtained that rank is equal to 2 or 3). Namely, the coordinates of the points P 3 are too large to be found by 2-descent. Therefore, here we used 4-descent implemented in MAGMA.
Let us summarize the results from this section.
Proposition 4. For each 0 ≤ r ≤ 3, there exists a Diophantine triple {a, b, c} such that the elliptic curve y 2 = (ax + 1)(bx + 1)(cx + 1) has the torsion group isomorphic to Z/2Z × Z/8Z and the rank equal to r.
